Two techniques are presented for the extraction of the individual intensities of completely overlapping reflections in a powder diffraction pattern. The first is analogous to Sayre's [Acta Cryst. (1952). 5, 60-65] squaring method while the second is based upon maximizing the entropy of the Patterson function subject to the constraints imposed by the observed intensities of single and overlapping groups of reflections. Although both methods are superior to a simple equipartition of intensities amongst overlapping reflections, the maximum-entropy (ME) technique is the more robust and scientifically justifiable. The ME Patterson map extracts the maximum amount of information from the available observed intensities and is thus optimal for Pattersontechnique structure determination from powder diffraction patterns. The agreement between true IFI 2 values of overlapping reflections and the values obtained by maximum entropy is, in most simulated cases, excellent.
Introduction
Structure determination by single-crystal methods has become a relatively routine procedure for moderately complex structures as a result of the development of sophisticated Patterson and direct methods. However, relatively few structures have been determined by powder diffraction techniques. The principal reason for this difficulty is the overlapping (degeneracy) of Brags reflections in a powder diffraction pattern. The overlapping of reflections may be either partial or complete. Partial overlap may be tackled by the deconvolution procedure developed by Pawley (1981) . Complete overlap, that is either accidental in the case of low lattice symmetry (as a result of sample broadening effects and/or limitations in instrumental resolution) or exact in the case of high lattice symmetry (e.g. the 550, 710 and 543 cubic reflections), may only be treated in a probabilistic manner. This introduces an uncertainty in the assignment of individual Brags intensities that are needed to overcome the phase problem. In this paper it is shown that probabilistic methods, similar to direct methods and maximum-entropy techniques of structure determination, may be used to estimate the relative intensities of degenerate reflections in many powder diffraction patterns. Sayre (1952) developed an elegant argument, which he called the squaring method, that was useful as a new method of phase determination. An analogous argument may be used for the extraction of the relative contributions of degenerate reflections. Consider a Patterson function P(r) and its square P/(r). Their Fourier transforms are respectively gh = j" P(r)cos (2rob.r)dV = IFhl 2 (1) and (2) yields
The squaring method
where dh is the d spacing of the reflection h. The scale factor linking IFhl 2 with its self-convolution depends only on the magnitude of the d spacing and is thus identical for overlapping reflections. The fractional intensity contribution of the nth of N overlapping reflections may then be estimated by the following equation:
Results obtained for simulated neutron diffraction data of ~t-Al20 3 (corundum) and SrOz (rutile structure) are presented in Table 1 indicates that the squaring method shifts the relative intensities in the correct sense away from equipartitioning but, in the majority of cases, to a degree often substantially less than the true amount.
Maximum-entropy Patterson methods
The principle of maximum entropy (ME), originally developed by Jaynes (1957 Jaynes ( , 1978 , is a powerful technique that has been applied to many areas of research and, in particular, more recently in crystallography to direct phase determination (Britten & Collins, 1982; Narayan & Nityananda, 1982; Piro, 1983; Wilkins, Varghese & Lehmann, 1983; Bricogne, 1984; Livesey & Skilling, 1985; Wei, 1985) . The power of the maximum-entropy principle is that it yields as a solution the mean of the maximum information probability density (i.e. the most probable solution) consistent with 5 0 1 experimental observation (i.e. the constraints imposed on 4 3 1 the solution) (Shore & Johnson, 1980; Bricogne, 1984) . where [F(000)I 2 is the square of the modulus of the structure 5 5 3 factor of the 000 reflection. Given that the Patterson 7 1 3 function eft) is normalized [i.e. S P(r) dV = IF(000)l 2] then 7 4 2 the unconstrained maximum-entropy Patterson function 8 1 2 must be P(r) = Po(r). This is clearly physically unreasonable as it implies that IFhul 2 =0 for all hkl¢O00. ~-A1203 (corundum structure)* h k l True Calculated Equipartitioned 2 1 2 0"13 2"39 2-45 1 0 8 7"11 2"58 2"45 1 0 10 22-00 17-18 49"89 1 1 9 63-84 66"25 49"89 2 1 7 5-49 2-04 3-75 2 2 0 0-27 7.19 3"75 3 1 2 9"48 6"80 5"18 2 1 8 0"89 3"57 5"18 0 0 12 92"26 63-51 14-27 3 1 4 1"27 6"07 14-27 3 1 5 2-56 3"93 25"18 2 2 6 47-80 46"43 25"18
SrO 2 (rutile structure)* h k 1 True Calculated Equipartitioned 1"26 1-00 0"77 0"53 0"66 0"77 0"35 0"41 0"48 0"76 0"63 0"48 2"58 1-64 0"87 0-02 0"49 0"87 0"00 0"22 0-54 0"81 0"70 0"54 0"01 0"34 0"69 2"05 1 "40 0"69 0"66 0"57 0-38 0"09 0-18 0"38 0"18 0-26 0"31 0.44 0-36 0-31 0"00 0" 14 0"34 0-51 0.44 0"34 0"52 0"43 0"30 0"07 0"16 0"30 *See e.g. Megaw (1973) . A 1-0 0"0 0.0 0.4 B 0"5 0"3 0"4 0.6 (asymmetric unit as 1) A 1 "0 0"0 0"0 0.4 B 1.0 0.30103 0.30103 0-6 C 1"0 0.00 0.5 0.6 (asymmetric unit as 3) optimal for structure determination from powder diffraction patterns.
Although Patterson methods play an important role in structure determination in their own right, the goal of the present work is to separate the relative intensities of overlapping reflections in an unbiased manner and thus provide 0.00 0"05 0"50 0"50 0.00 0.00 1-68 2.01 8 1 2"07 1"91 0"50 0"75 0.00 0.00 1"96 1"70 85 7 6 0.00 0"07 0"37 0"41 0.00 0"00 1-59 1"41 9 2 1.64 1-47 0"37 0"50 0.00 0"00 1-24 1-50 100 10 0 6"70 6"38 10"31 9-49 37"82 34"18 12"72 12"54 8 6 1"85 2"04 3"93 4"23 1"19 3"71 1"07 1"32 125 10 5 0"31 0"36 0.00 0.00 0.00 0.00 1"18 1"33 11 2 1"03 1-00 0"21 0"27 0"00 0"00 1"10 1"18 130 11 3 0.00 0.00 0"24 0"16 0"12 0"48 0"55 0"62 9 7 0.00 0.00 0"24 0" 12 0"48 0"89 0"32 0.44 145 9 8 0.81 0.83 0.16 0.21 0.00 0.00 0-65 0.66 12 1 0"81 0"83 0"16 0"16 0.00 0.00 0.71 0"57 169 13 0 1"26 1"22 0.00 0"16 0.00 0.00 2"19 2"56 12 5 0"05 0.11 0"00 0.00 0.00 0"00 1"86 1-64 170 13 1 0.00 0"00 0"20 0.11 0"12 0"05 0"22 0.11 11 7 0.00 0-00 0"20 0.11 0"16 0"11 0"25 0"24 185 13 4 0.01 0-00 0"09 0"15 0.00 0.00 0"46 0"41 11 8 0"51 0"58 0"09 0.00 0.00 0.00 0"57 0"54 200 14 2 0"56 0"32 1"29 1-16 0"84 0"69 0"49 0"35 13 6 1"83 2.44 3"03 3"57 10"12 10"93 3"36 3-71 205 14 3 0"01 0"04 0"07 0.00 0.00 0"00 0"30 0"00 13 6 0.01 0.00 0-07 0" 14 0.00 0"00 0"43 0"42 *N = h 2 -+-k2; Nma x = 218. tTrue and calc. respectively correspond to the structure calculated by the maximum-entropy algorithm assuming intensities as no ~(2 constraint has been applied.
factors derived by Fourier transformation from the known structure and those peak overlap. Calculated summed intensities do not correspond to the summed an extended list of structure-factor amplitudes for use in direct-methods procedures of phase determination. This may be easily achieved from the above analysis. Let PME(r) be the ME Patterson function and hi be one of a set of overlapping reflections. [Fh,[ 2 may be estimated by evaluating the Fourier component of PME(r) corresponding to hi:
IFh,] 2 = S PME(r) cos(2rrhi.r) dV.
cell As a test of the method results were derived for the four simulated two-dimensional structures listed in Table 2 . In all four cases there were 13 pairs of overlapping reflections and 72 non-overlapping reflections forming a total of 98 reflections and 85 'observed' intensities. The technique used to construct the ME Patterson map was a fast multiplicative algebraic reconstruction algorithm (ART) (Gordon, 1974) that maximizes the entropy of the Patterson function (Gordon, Bender & Herman, 1970) with no X 2 constraint on the observed intensities. Although the algorithm is elementary, the results displayed in Table 3 In conclusion, therefore, two techniques have been investigated for the partitioning of intensities of completely overlapping reflections in powder diffraction patterns. Both techniques appear to be more successful than a straightforward equipartitioning of IF[ 2 values. Experience to date indicates that the ME Patterson method is more robust and justifiable than the triplet formula derived from Sayre's (1952) squaring method. The ME method is currently under detailed study to determine the potential gains in its application to ab initio structure determination by powder diffraction.
The author thanks M. W. Johnson for developing the ART technique used in this paper and J. B. Forsyth, W. T. A. Harrison and C. C. Wilson for useful discussions.
Introduction
Monazite analogues (LnPO4, where Ln = La, Ce, Pr, Nd, Sm, Eu or Gd) have been proposed (McCarthy, White & Pfoertsch, 1978; Boatner, Beall, Abraham, Finch, Huray & Rappaz, 1980) as possible hosts for the long-term storage of actinide wastes. The present work is part of an effort to obtain precise structural data on these compounds.
Experimental
The samples used in this work were prepared from the reaction of appropriate amounts of La(NO3)3 and Ce(NO3)3 with (NH4)zHPO4 at 453 K for 24 h in acid solution (HNO3). The resulting precipitate was washed, dried and annealed at 1173 K for 1 h.
Precision X-ray powder patterns were obtained at room temperature with the use of an automated powder diffractometer with a diffracted-beam graphite monochromator and Cu Ks radiation. Peaks were corrected relative to a silicon external standard. Plane spacings were indexed on the basis of a monoclinic unit cell and lattice constants were refined with standard least-squares methods.
Results
Lattice constants and unit-cell volumes determined for solid solutions of the form l.axCe~ xPO4 are shown in Table 1 for several values of x in the range 0 < x < 1. Lattice constants for the end members of the series, LaPO4 and CePO4, are compared with the data reported by other researchers in Table 2 . The best agreement was with the values determined by Pepin & Vance (1981) . 
Lattice constants and unit-cell volumes for
La,Ce i -xPO4 solid solutions
0-0 6.767 7.030 6.474 103-44 299"55 6.691 0"2 6.775 7.036 6.481 103"39 300.54 6-698 0.4 6"800 7.045 6.488 103.35 302.42 6-712 0"6 6-813 7.053 6-495 103-32 303"70 6-722 0"8 6.821 7-062 6.512 103"30 305.46 6-735 1.0 6"833 7.072 6"516 103-25 306.49 6.742 (Beall, Boatner, Mullica & Milligan, 1981) . The cube root of the unit-cell volume is plotted in Fig. 2 as a function of x and 9f A.
Discussion
The linear dependence of the cube root of the unit-cell volume on x and 9f A shows that V6gard's law is obeyed and that the concept of a mean radius for the lanthanide ion is justified. The properties of LaPO4-CePO4 solid solutions as potential hosts for nuclear wastes can thus be analyzed using the same methods as for the pure compounds.
